An H(n, q, w, t) design is considered as a collection of (n − w)-faces of the hypercube Q n q perfectly piercing all (n − t)-faces. We define an A(n, q, w, t) design as a collection of (n − t)-faces of hypercube Q n q perfectly cowering all (n − w)-faces. The numbers of H-and A-designs are expressed in terms of multidimensional permanent. We present several constructions of H-and A-design and prove the existence of H(2 t+1 , s2 t , 2 t+1 − 1, 2 t+1 − 2) designs for every s, t ≥ 1.
Introduction
A generalization of Steiner systems (t-design) is the H-design which was introduced by Hanani [5] . The notation of H-design is due to Mills [8] . We will follow the article by Etzion [3] in the introduction. Let X be a set of points and C = {C 1 , . . . , C n } is a partition of X into n sets of cardinality q. A transverse of C is a subset of X that meets each set C i in at most one point. The set of w-element transverses of C is a set called H(n, q, w, t) design (briefly H-design) if each t-element transverse of C is contained in precisely one element of this set. We propose another generalization of t-design. The set of t-element transverses of C is called A(n, q, w, t) design (briefly A-design) if each w-element transverses of C contains precisely one element of this set. We everywhere imply that n ≥ w ≥ t ≥ 1, q ≥ 1 and all these numbers are integer. An idea to consider A-design belongs to S.V.Avgustinovich.
Denote Q q = {0, 1, . . . , q − 1} and Q q * = Q q ∪ { * }. It is clear that each w-transverse of C corresponds to a codeword (a 1 , . . . , * , . . . , a i , . . . , * , . . . , a n ) ∈ Q n q * where a i is the number of the element of C i that belongs to the w-transverse. A jth position of the codeword contains * if and only if the w-transverse does not intersect the set C j .
If q = 1 then H(n, 1, w, t) design is just a Steiner system S(t, w, n) (here symbol * is replaced by 1) and A(n, 1, w, t) design is just a Steiner system S(n − w, n − t, n) (here symbol * is replaced by 0 and symbol 0 is replaced by 1).
The set Q n q is called hypercube. The set of faces of the hypercube Q n q is in one-toone correspondence with the set Q n q * and each k-dimensional face (k-face) corresponds to the codeword contained k symbols * . Thus H(n, q, w, t) design is a piercing consisting of (n − w)-faces of the hypercube Q n q with the property that each (n − t)-face contains precisely one (n − w)-face of H-design; and A(n, q, w, t) design is a covering consisting of (n − t)-faces of the hypercube Q n q with the property that each (n − w)-face is contained in precisely one (n − t)-face of A-design.
If w = n then a H(n, q, w, t) design is just an MDS code in the hypercube Q n q with code distance d = n − t + 1. If w = n and t = n − 1 then A(n, q, w, t) design is just a perfect clique matching (see [9] ) and a perfect matching if q = 2 in addition. It is clear that H(n, q, n, n − 1) and A(n, q, n, t) designs exist for any q ≥ 2 and n ≥ 2. A set of 1-faces is called a precise clique matching if it is both H(n, q, n−1, n−2) design and A(n, q, n, n−1) design. The precise clique matchings with n = 2 t+1 and q = 2 t are constructed in [9] . Mills [8] showed that for n > 3, n = 5 an H(n, q, 4, 3) design exists if and only if nq is even and q(n−1)(n−2) is divisible by 3. Ji [6] obtained necessary and sufficient condition on the existence of H(5, q, 4, 3) design.
Define the weight of a codeword from Q n q * as n minus the number of symbols * that the codeword contains. Consider an H(n, q, w, t) design as a constant-weight code. The Hamming distance between two codewords of H-design is always greater than w − t. The minimum Hamming distance between two codewords of H-design at most 1 + 2(w − t). An H(n, q, w, t) design that forms a code with minimum Hamming distance at least 1 + 2(w − t) is called a generalized Steiner system (see [3] ). Note that a ordinary Steiner system (H(n, 1, w, t) design) is always a code with Hamming distance 1 + 2(w − t).
Etzion [3] obtained series constructions of generalized Steiner systems being H(n, q, 3, 2) or H(n, 2, 4, 3) designs. He proved that a generalized Steiner system being H(n, 2, 3, 2) design exsists if and only if n ≡ 0 or 1(mod 3), n ≥ 4, n = 6.
Simulary we can consider an A(n, q, w, t) design with the maximum code distance. The minimum Hamming distance between two codewords of an A-design is at most 1+2(w −t) (but it can be equal to 1). A(n, 2, n − 1, n) designs with Hamming distance 2 were firstly constructed in [4] for every n ≥ 4. Krotov [2] and Svanström [10] proved (in other terms) that A(n, 2, n − 1, n) designs with Hamming distance 3 exist if and only if n = 2 t . It is straightforward that each A(n, 2, n, t) design with Hamming distance 1 + 2(n − t) is a perfect weight code.
Constructions
We propose the following constructions of H-designs. Construction I. Let the set S ⊂ Q n q * be an H(n, q, w, t) design and R ⊂ Q w q ′ * be an H(w, q ′ , w, t) design (MDS code). For each pair of (a 1 , . . . , * , . . . , a i , . . . , * , . . . , a w ) ∈ S and (b 1 , . . . , b w ) ∈ R we form the codeword (( a  1 , b 1 ) , . . . , * , . . . , (a i , b i ), . . . , * , . . . , (a w , b w )) ∈ Q n′ * . Let T be the set of all such codewords. As mentioned above, H(2k, k, 2k − 1, 2k − 2) designs exist for k = 2 t , t ≥ 1. Since MDS code with distance 2 (H(m, q, m, m − 1) designs) exist for any q ≥ 2 and m ≥ 2, we get Corollary 1. For each s, t ≥ 1 there exist H(2 t+1 , s2 t , 2 t+1 − 1, 2 t+1 − 2) designs. Note that in the construction I, the MDS code R can be choosen independently for every codeword from S. The number of H(m, 3, m, m − 1) designs is 3 × 2 m−1 . A doubly exponential lower bound of the number of MDS codes with distance 2 (q ≥ 4) was established in [7] . Thus the number of H(2 t+1 , s2 t , 2 t+1 − 1, 2 t+1 − 2) designs is double exponential with respect to the dimension 2 t+1 as s ≥ 3. Construction II. Let a set S ⊂ Q n q * be an A(n, q, w, t) design. For each pair of (a 1 , . . . , * , . . . , a i , . . . , * , . . . , a t ) ∈ S and (b 1 , . . . , b t ) ∈ Q w q ′ we form the codeword (( a  1 , b 1 ) , . . . , * , . . . , (a i , b i ), . . . , * , . . . , (a t , b t )) ∈ Q n′ * . Let U be the set of all this codewords.
Proposition 2. The set U is an A(n,′ , w, t) design. The proof is simular to the proof of Proposition 1.
Proof: Suppose that (c 1 , . . . , c i−1 , * , c i+1 , . . . , c 2n ) is a word of weight 2n − 1. If i ≤ n then there exists a unique codeword a ∈ S such that (c 1 , . . . ,
. . , c 2n ). The case n < i ≤ 2n is similar.
Multidimensional permanent
Avgustinovich [1] developed a method of counting the number of combinatorial configuration in terms of multidimensional permanent. We will use the notation from [9] . Consider a k-partite hypergraph G k containing N vertices in each part C i , i = 1, . . . , k. Suppose that each k-edge of G k consists of k vertices, by one from each part. A set of disjoint k-edges that matches all vertices of the hypergraph is called a perfect k-matching. Let every part of the hypergraph be enumerated by the numbers 1, 2, . . . , N. We define the adjacency array M(G k ) = (a i 1 ...i k ) by the following rule: a i 1 ...i k = 1 if their exists a k-edge consisting of vertices with numbers i 1 from the first part, i 2 from the second part and so on and a i 1 ...i k = 0 otherwise. A k-element subset I of the set {1, . . . , N} k is called a diagonal if each pair of its elements are distinct in every position. We define the k-dimensional permanent of M(G k ) as
where D N is the set of all diagonals.
It is well known that the permanent of adjacency matrix of bipartite graph is equal to the number of perfect matchings of the graph. The following statement is straightforward from definitions. Proposition 4. The number of perfect k-matchings of a hypergraph G k is equal to
Denote by Q n q (w) the set of (n − w)-faces of the hypercube Q n q . For any integers w, t (n ≥ w ≥ t ≥ 1) define the bipartite graph G(n, q, w, t) with the parts Q n q (w) and Q n q (t). Pair vertexes a ∈ Q n q (w) and b ∈ Q n q (t) is connected by an edge in G(n, q, w, t) if and only if a ⊂ b. By the definition every H(n, q, w, t) design is a subset of Q n q (w) such that the neighborhoods of its vertices do not intersect but cover the set Q n q (t). We assume that there exists a partition H = {H 1 , . . . , H k }, where k = n−t n−w q w−t , of the set Q n q (w) into H(n, q, w, t) designs. Define k-part the hypergraph GH with parts H 1 , . . . , H k . A collection {a 1 , . . . , a k }, where a i ∈ Q , of the set Q n q (t) into A(n, q, w, t) designs, then we can define the m-part hypergraph GA and state the following Proposition 6. The number of H(n, q, w, t) designs is equal to per m M(GA).
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